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1. Let k be a subfield of a cyclotomic extension of the rational field Q. 
The Schur subgroup S(k) of the B rauer group B(K) consists of those algebra 
classes which contain a simple component of the group algebra kG for some 
finite group G. If A is a central simple algebra over k, then [A] will denote 
the class of A in B(K). The Schur subgroup was first investigated by 
K. L. Fields and I. N. Herstein [5]. Since the elements of the Brauer group 
are characterized by invariants, it is reasonable to ask whether the elements 
of S(K) are distinguished in B(k) by behavior of invariants. In this paper, 
we obtain the following result. Let [A] E S(k). Let pi and ps be primes of k 
dividing a rational prime p and let K, denote the p-completion of K. Then 
A 01, kpl and A Ok kp2 have the same index. Thus if one p-local invariant 
of A is zero, then all p-local invariants of A are zero. This result allows us 
to use the term p-local index of A for the common value of the indices of 
A ol, k, for all primes p of k dividing p. 
Throughout this paper k denotes a subfield of a cyclotomic field. Also, 
p and q denote rational primes, and p is not necessarily finite. The term 
invariant is used to mean invariant reduced to lowest terms. Thus, the index 
of A & k, is the denominator of the invariant inv,(A). Two formulas for 
invariants which are quite useful are the following which can be found in 
Chapter VII of Deuring [3]. 
(I) Let [A] and [B] belong to B(k) and let p be a prime divisor in k. Then 
inv&A gI, B) = inv,(A) + inv&B) (mod 1). 
(II) Let [A] E B(k). Let K be a finite extension of k and let p be a prime 
of K dividing p. Then 
inv,(A OK K) 3 d inv,,,(A) (mod l), 
where d = 1 Q9K : Q& / is thep-local degree of K/k. 
For an irreducible character x of a finite group G, let Q(x) denote the field 
generated over Q by the values of X. Then k = Q(x) is a subfield of Q(E~), 
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where n = 1 G 1 and E, is a primitive n-th root of 1. Let A be the simple 
component of kG such that rnx is the character of the k-representation of G 
afforded by a minimal right ideal of A, where m = ma(x) is the Schur index 
of x over Q. Then A is central simple over k and [A] E S(k). We call A the 
simple component of kG corresponding to x. By Lemma (70.5) of [2], the index 
of A equals m. Furthermore, if F I k, then the index of A OR F equals 
m,(x). If 0 E Gal(k/Q) and A0 denotes the simple component of kG belonging 
to x0, then (T can be extended to a Q-isomorphism of A onto Aa. This Q-iso- 
morphism can also be extended to a Q-isomorphism of A glc k, onto 
AU Ok k,, for any prime divisor p of k. Thus inv,(A) = invp,(AO). The 
primes of k dividing p are permuted transitively by Gal(k/Q) (see pages 65-66 
of [6]). Hence A and A0 have the same set of p-local invariants, but the 
values in these two sets of invariants may not be listed in the same order. 
2. The difficulty in dealing with elements of S(k) lies in the fact 
that the structure of the simple components of a group algebra cannot usually 
be determined easily from knowledge about the group and its characters. 
However, certain hyperelementary groups do have structures which enable 
the construction of simple components as crossed product algebras. The 
Brauer-Witt theorem allows the investigation of some properties of elements 
of S(k) to be reduced to cases involving groups of this type. 
Basic results on Schur indices may be found in Chapter II of Feit [4]. 
BRAUER-WITT THEOREM [7]. Let x be an irreducible character of a jinite 
group G and let k = Q(x). Suppose q divides m&). Then there exists a subgroup 
H of G and an irreducible character 4 of H satisfying: 
(i) H = H/ker 4 contains a cyclic normal subgroup C with IflC a 
q-group (and thus R is hyperelementary with respect to q); 
(ii) C has a faithful linear character p such that pE = 4 and R/C TS $3 = 
Gal(QWlQ(+)) ; 
(iii) q~(x,~G)andq~jk(~):kI. 
Furthermore, mF(+) = 1 m,(x)& whenever F 2 k. 
Note that ma($) is a power of q because $(l) is a power of q. Also m&) 
divides mo(+). 
Usually in applying the Brauer-Witt theorem, the fact that H C G is not 
important. For the rest of this section we use H to denote R and we assume 
4 is faithful. 
When + is a faithful character of a group H and conditions (i) and (ii) 
above are satisfied, then we call 4 a special character. We can easily construct 
the simple component belonging to a special character. Let T be a Sylow 
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q-subgroup of H. Then T/C n T M 9. Choose from T a complete set of 
coset representatives {x7 : 7 E ‘9} of C in H in such a way that x,-1 = (x7)-r 
and &zs~) = &z) for all .a E C. Set yT,Y = X,X&,)-~. Then y7,Y E C n T. 
Define a(~, y) = p( Y~,~). Let c = [ C /. Let A = @x7 urQ(+) be the 
crossed product algebra (Q(EJ, 9, a) with wzc, = zc,w7 for w EQ(EJ and with 
factor set {a(~, y)) (see chapter V of [l]). 
LEMMA. The crossed product algebra A is Q(C)-isomorphic to the simple 
component of Q(+)H belonging to $. 
Proof. Let 92 be a Q(4)-representation of H with character mo($)d. Then 
the enveloping algebra E(9) of 92 over Q(4) is Q(4)-isomorphic to the simple 
component of Q($)H belonging to $. Define a map w : E(B) --f A by 
w(2Z(x7z)) = z&z) for 7 E 9 and z E C. Since every element of H can be 
expressed uniquely in the form X,Z and since (92(h) : h E H) Q(d)-spans E(92), 
then w is a Q(+)-homomorphism of E(B) onto A. Also w is an algebra homo- 
morphism. Since E(g) is simple, w is one-to-one. Thus A is Q(4)-isomorphic 
to E(Lz). 
3. Now let [A] be an arbitrary element of S(k). 
THEOREM 1. Let [A] E S(k) and let p be a rational prime. If p1 and pz are 
primes of k dividing p, then A Ok kpl and A & kp2 have the same index. 
Proof. We may assume that A is the simple component of KG belonging 
to x, where x is an irreducible character of some finite group G. Since 
Gal(k/Q) permutes transitively the primes of k dividing p, there exists 
7 E Gal(k/Q) such that pa = pr7. Let 0 = 7-1 and let AU denote the simple 
component of kG belonging to x0. Then A OK kp; w Au Ok kpl; so it 
suffices to show that A Ok kpl and Au & kpl have the same index. Since the 
index of A gl, k, equals the Schur index of x over kpl and the index of 
A0 arc kql equals the Schur index of x” over kpl , the theorem presents a 
problem mvolving Schur indices. We prove the theorem by showing that x 
and x0 have the same Schur index over any p-adic field K which contains 
their values. 
It suffices to show that for any q, the same power of q divides m,(x) and 
m@). Suppose q does divide m,(X). Apply the Brauer-Witt theorem to x 
and let 4 = @ be the character given in the theorem such that mK($) = 
j m&)\, . Now o E Gal(k/Q) and can be extended to an element of Gal(k(p)/Q) 
also denoted by 0‘. Let X = flu. Then # = XR satisfies the conclusion of the 
Brauer-Witt theorem when x is replaced by x0. Thus mK(#) = 1 m,&)l, . 
Hence it suffices to show that m,(C) = mK(#). We can assume that Q(C) _C K. 
We assume that + and Z/J are faithful on H = R. Note that Q(C) = Q(#). 
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Set L = Q(d). Since p and h are faithful linear characters of C, there exist 
integers m and n such that p”(z) = h(x) and h”(z) = p(z) for all x E C. Let 
{x7} be a set of coset representatives of C in H selected as in Section 2. Let A 
be the crossed product algebra (Q(Q), 3, ) 01 constructed in Section 2 with 
factor set a(~, y) = p( yl,,). Using the same set {x7}, construct a crossed 
product algebra B = (Q(Q), 9, p) with factor set P(T, y) = A( Y~,~). Then, 
by the lemma, A and B may be taken to be the simple components of LH 
belonging to 4 and $, respectively. Now 01(r, r)” = ,G(T, y) and P(T, y)” = 
a(~, r) for all 7, y E 9. Thus [A’jm = [B] and [B]” = [A]. Hence by (I), 
A gL L, and B oL L, have the same index for all primes p of L. Since K 
contains L, for some p, then A 6& K and B & K have the same index 
by (II). Therefore, XQ(+) = ~(4). Th’ IS completes the proof of the theorem. 
Let K be an algebraic number field. Then for some prime p of K dividingp, 
K, = QnK. Thus we have also proved the following theorem. 
THEOREM 1’. Let K be an algebraic number field and let x be an irreducible 
character. Then for a rational prime p, nzKp(x) = m,pK(x) for all primes p 
of K dividing p. 
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